
(Brief look at) Nonstationary States 
Eigenvalues 

 



Review 
 Ψ 𝑥𝑥, 𝑡𝑡 = 𝜓𝜓(𝑥𝑥)𝜙𝜙(𝑡𝑡) 
 𝜙𝜙 𝑡𝑡 = 𝑒𝑒−𝑖𝑖𝜔𝜔𝑡𝑡 where 𝐸𝐸 = ℏ𝜔𝜔 
 Consider a time-dependent solution of a bound 

particle with energy En: 
 Ψ𝑛𝑛 𝑥𝑥, 𝑡𝑡 = 𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡 
 Because Schrodinger’s eqn is a linear diffEQ, 

any sum of solutions is also a solution: 
 Ψ 𝑥𝑥, 𝑡𝑡 = 𝜓𝜓𝑚𝑚 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑚𝑚𝑡𝑡+𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡 
 

 



Ψ 𝑥𝑥, 𝑡𝑡 = 𝜓𝜓𝑚𝑚 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑚𝑚𝑡𝑡+𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡 
 This combined solution does 𝑛𝑛𝑛𝑛𝑡𝑡 have a well −

defined energy. 
 And its probability density depends on time: 

 
 

  
Ψ∗Ψ =
𝜓𝜓𝑚𝑚 (𝑥𝑥) 𝑒𝑒+𝑖𝑖𝜔𝜔𝑚𝑚𝑡𝑡+𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒+𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡 𝜓𝜓𝑚𝑚(𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑚𝑚𝑡𝑡+𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡  

= 𝜓𝜓𝑚𝑚2 + 𝜓𝜓𝑛𝑛2 + 2𝜓𝜓𝑚𝑚𝜓𝜓𝑛𝑛 cos[ 𝜔𝜔𝑛𝑛 −𝜔𝜔𝑚𝑚 t] where 𝐸𝐸 = ℏ𝜔𝜔 
 
 
 
 

 

Complex 
conjugate Depends on time 

Proportional to energy 



What does this mean? 
 Think of this nonstationary state: 
 Ψ 𝑥𝑥, 𝑡𝑡 = 𝜓𝜓𝑚𝑚 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑚𝑚𝑡𝑡+𝜓𝜓𝑛𝑛 (𝑥𝑥) 𝑒𝑒−𝑖𝑖𝜔𝜔𝑛𝑛𝑡𝑡 
as a transitional state between two stationary states. 
Perhaps an electron jumping down from a state with 
En to a lower energy state with Em. 
 In order for energy to be conserved, a photon of 

energy En− Em is produced.  
 During transition, probability density and charge 

density vary with time. 
 We found charge density oscillated with angular 

frequency 𝜔𝜔𝑛𝑛 −𝜔𝜔𝑚𝑚.  
 This is the frequency of the emerging photon. 
 

 



 A well-defined observable (position, 
momentum, energy) has zero uncertainty. 

 If a quantity is well-defined, then ∆Q = 0 and 
the mean of the quantity 𝑄𝑄� is the eigenvalue of 
that quantity.  

 MATH: Given an operator 𝑄𝑄� , a function f(x) is 
an eigenfunction of the operator if and only if 
the operator acting on the function, yields a 
constant called the eigenvalue times the same 
function. 

 ORIGIN: German word meaning proper 



 We can think of this as a test for well-defined 
observables.  

 If 𝑄𝑄�Ψ = 𝑄𝑄�Ψ, then  𝑄𝑄� is the eigenvalue of that 
quantity and ∆Q = 0  

 



 Which of the following wave functions have 
well-defined momentum? For those that do, 
what is its value?  
 (c) 𝜓𝜓 𝑥𝑥 = 𝐴𝐴[cos 𝑘𝑘0𝑥𝑥 − 𝑖𝑖 sin(𝑘𝑘0x)] 
 (d) 𝜓𝜓 𝑥𝑥 = 𝐴𝐴[cos 𝑘𝑘0𝑥𝑥 − sin(𝑘𝑘0x)]  



 Ch 5: 68, 69 
 If you’re done early 

work on 
HOMEWORK Ch 5: 
59, 60, 61, 62 
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